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Abstract It is well known that a three dimensional (closed, connected and 
compact) manifold is obtained by identifying boundary faces from a stellar ball 
a * S. The study of 5*/ ~, two dimensional stellar sphere S with 2-simplexes 
identified in pairs leads us to the following conclusion: either a three dimensional 
manifold is homcomorphic to a sphere or to a stellar ball a-kS with its boundary 
2-simplcxcs identified in pairs so that S/ ~ is a finite number of internally flat 
\ complexes attached to a finite graph that contains at least one closed circuit. 

I/"") ■ Each of those internally flat complexes is obtained from a polygon where each 

side may be identified with one or more different other sides. Moreover, Euler 
characteristic of S/ ~ is equal to one and the fundamental group of S/ ~ is not 
^—■^ . trivial. 

1 Introduction 

It is well known (see e.g. [H]) that a compact 2-dimensional surface is homeo- 
morphic to a polygon with the edges identified in pairs. In this paper we show 
' that any connected n-dimensional stellar manifold M with a finite number of 

vertices possesses a similar property: M is stellar equivalent to 

a* (5/ ~), 

where a ^ 5* is a vertex, S is (n — l)-dimensional stellar sphere. Throughout this 
paper it is tacitly assumed that the term "regular equivalence" (denoted as "~") 
actually comprises two equivalence relations: one on the set of vertices and the 
other on the set of (n — l)-dimensional simplexes of S. Those two equivalence 
relations satisfy the following conditions: 

No (n — l)-dimensional simplex of 5* has two vertices that are equivalent 
to each other. 
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For any (n— l)-dimensional simplex g of S there might exist not more than 
one (different from g) (n — l)-dimensional simplex p in S such thatp ~ g 
and any vertex of g is equivalent to some vertex of p. 

a * (S/ ~) is not any more a stellar manifold in its usual sense. We take the 
ball a * S and identify equivalent simplexes from S but, at the same time, we 
distinguish any two simplexes a *p and a * g even when p ~ g. In the sequel, it 
is convenient to use the notation a * (5/ ~) for the resulted manifold even if it 
is slightly misleading, a * (S/ ~) is called a stellar structure of M. 
The complex S/ ~ inherits certain properties from a* (S/ ~). 



2 Preliminaries from stellar theory 

We begin with recalling the basic definitions of stellar theory [H], [!]• A stellar 
n-manifold M can be identified with the sum of its n-dimensional simplexes 
(n-simplexes): 

n 
i=l 

with coefficients from Z2. We will call {ffi}" =1 generators of M. 

All vertices in M can be enumerated and any n-simplex s from M corre- 
sponds to the set of its vertices 

s = (ix i 2 ... i n +i), 

where ■ ■ ■ i n +i are integers. 

The boundary operator d is defined on a simplex as 

d(h ii ... i n+ i) = (ii «2 ■ ■ ■ in) + (h h ■ ■ ■ i n -\ Wi) + ■■ ■ + {hh ■■ ■ Wl) 
and linearly extended to any complex, i.e. 

n 

dM = J2 d 9i- 

i=l 

A manifold is called closed if d M = 0. 

If two simplexes (ji ii . . . i rn ) and (j\ ji ... j n ) do not have common vertices 
then one can define their join 

(k 12 ■ ■ .i m ) * (ji h ■ --jn) 

as the union 

(k k ■■■i m ) U (ji j 2 ■ - -in)' 

If two complexes if = ^ i qi and i = pj do not have common vertices 
then their join is defined as 

K*L = y~]qi*Pj- 
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If A is a simplex in a complex K then we can introduce its link: 

lk(A, K) = {B e K ; A*B e K}. 

The star of A in K is A * lk(A, K). Thus, 

K = A*lk{A, K) + Q{A,K), 

where the complex Q{A, K) is composed of all the generators of K that do not 
contain A. A complex with generators of the same dimension is called a uniform 
complex. 

Definition 1 (Subdivision,) Let A be a simplex of a complex K. Then any 
integer a which is not a vertex of K defines starring of 

K = A*lk(A,K) + Q(A,K) 

at a as 

K = a*dA* lk{A, K) + Q(A, K). 

This is denoted as 

K=(A a)K. 

The next operation is the inverse of subdivision. It is called a stellar weld 
and defined as follows. 

Definition 2 (Weld) Consider a complex 

K = a-klk(a,k) + Q(a,K), 

with lk(a, k) = dA * B where B is a subcomplex in k, A is a simplex and 
A ^ k. Then the (stellar) weld (A a)~ x k is defined as 

{A a)~ 1 K = A* B + Q(a,K). 

A stellar move is one of the following operations: subdivision, weld, enumer- 
ation change on the set of vertices. Two complexes M and L are called stellar 
equivalent if one is obtained from the other by a finite sequence of stellar moves. 
It is denoted asM~L. We also say that M admits triangulation L. 

If a complex L is stellar equivalent to (1 2 ... n+ 1) then L is called a stellar 
n-ball. On the other hand, if K ~ d(l 2 ... n + 2) then if is a stellar n-sphere. 

Definition 3 (Stellar manifold^ Let M be a complex. If, for every vertex i 
of M, the link lk(i, M) is either a stellar (n — \)-ball or a stellar (n — l)-sphere, 
then M is a stellar n-dimensional manifold (n-manifold) . 
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If i is a vertex of M then 

M = i*lk{i,M) + Q(i,M). 

If dM = 0, then Q(i, M) is a stellar manifold. 

Indeed, consider an arbitrary vertex j of Q(i, M). Then 

lk(i, M) = j * lk(j, lk(i, M)) + Q(j, lk(i, M)) 

and 

Q(i, M) = j * lk(j, Q(i, M)) + Q(j, Q(i, M)). 
Since M is a stellar manifold and dM = 

i * lk(j, lk(i, M)) + lk(j, Q(i, M)) 

is a stellar sphere. Hence, it follows from [7] that lk(j, Q(i, M)) is either a stellar 
ball or a stellar sphere. 

The following theorem plays one of the central roles in the research on stellar 
manifolds. 

Theorem 2.1 (Alexander W/) Let M be a stellar n-manifold, let J be a stellar 
n-ball. Suppose that M PI J — dM PI d.J and that this intersection is a stellar 
(n — \)-ball. Then M U J is stellar equivalent to M. 

One can say that M is obtained from M U J by collapsing a stellar n-ball. If 
a stellar n-manifold L is obtained from a stellar n-manifold M by collapsing a 
finite number of simplexes (not necessary having dimension n) then M collapses 
to L. If L is a point then M is called collapsible. 

It was shown by Whitehead ^U] that a collapsible stellar manifold is a stel- 
lar ball. This fact is of special interest to us because it implies the Poincare 
conjecture for flat stellar manifolds. 

For reader convenience we present here a definition of prism over a complex 
2 . Let K be a uniform n-dimensional complex with vertices i\, %2 1 ■ ■ ■ i n - Let 
us take new vertices ji, j%, ... j n which correspond one-to-one to the vertices 
i\ 1 i2, ... i n - The complex P(K) is called a prism over K if P{K) consists, by 
definition, of all nonempty subsets of sets of the form 

H, «2, ■ ■ ■ , ik, jk, ■ ■ ■ , jr, 

where 

(ix, i 2 , ■ ■ • , i r ) e K. 

Moreover, P{K) contains all the simplexes i 2 , • ■ ■ , i r ) from K and all the 
simplexes (ji, . . . , j r ) corresponding to them. 

The prism P{K) can be also constructed in the following way. Consider 

a -k K, 
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where a ^ K is a vertex. Take its subdivision defined as 

L= J[((ab) c b )K, 

beK 

where nbe_R"(( a ^) °b) is a superposition of subdivisions ((a b) Cb), where Cb ^ K 
and Cb 7^ Cd for b =/= d. Then 

L = a-k lk(a, L) + Q(a, L), 

where Q(a,L) — P{K) is a prism over K and lk(a,L) is obtained from .ftT by 
the enumeration change b —> Cb for b <E K. 

In the sequel it is convenient to consider two equivalence relations: one on 
the set of vertices and the other on the set of generators of a stellar manifold. 
Among all possible such equivalence relations we are mostly interested in those 
that meet certain regularity properties underlined by the following definition. 

Definition 4 (Ttegular equivalence ) Given a stellar manifold M, a pair of 
equivalence relations, one on the set of vertices and the other on the set of gen- 
erators from M, is called regular equivalence if it meets the following conditions: 

(i) No generator g G M has two vertices that are equivalent to each other. 

(ii) For any generator g € M there might exist not more than one generator 
p G M such that p ^ g and p is equivalent to g, g ~ p. Moreover, any 
vertex of g is either equal or equivalent to some vertex of p. 

Throughout the paper a* (S/ ~) denotes the structure obtained from a-k S 
when we identify any two equivalent generators from S but distinguish the 
corresponding generators from a-k S. 

3 Stellar Manifold Structure 

We begin with proving that any connected stellar n-manifold with a finite num- 
ber of generators can be obtained from a stellar n-ball B by identifying in pairs 
the generators of dB. For 3-manifolds this fact was stated in 

Theorem 3.1 ^Stellar Structure,) A connected stellar n-manifold M with a 
finite number of generators admits a triangulation ( stellar structure ) 

N = a*{S/ ~), 

where a ^ S is a vertex, S is a stellar (n — \)-sphere and "~ " is a regular 
equivalence relation. Moreover, if M is closed then for any generator g G S 
there exists exactly one generator p G S such that p ^ g and g ~ p. 
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Proof. Let us choose an arbitrary generator g £ M and an integer a that is 
not a vertex of M. Then 

M ~ (g a)M and (g a)M = a*dg + M \ g, 

where M \ g is defined by all the generators of M excluding g. We construct N 
in a finite number of steps. Let No = (g a)M. Suppose we constructed already 
Nk and there exists a generator p 6 Q(a, N k ) that has at least one common 
(n — l)-simplex with lk(a, N k ). Without loss of generality we can assume that 

p = (1 2 ... n + 1). 

and (12 ... n) belongs to lk(a,N k ). If the vertex (n + 1) does not belong to 
lk(a, Nk) then 

N k+1 = ((an+l)b)- 1 ((l2 . . . n) b)N k , 

where b ^ Nk- If the vertex (n + 1) belongs to lk(a, Nk) then after introducing 
a new vertex d ^ Nk we take 

L = ((ad) b)- 1 {(12 ... n) b) (N k \ p + (1 2 ... nd)), 

where 6 ^ (N k \ p + (1 2 ... n d)), and 

iV fe+1 = a* (lk(a, L)j ~) + Q(a, L) 

endowed with the equivalence d ~ (n+1). 
By construction 

N k+1 = a * (lk{a, N k ) + dp) + Q(a, 7V fc ) \ p 

if (n + 1) ^ lk(a, N k ). Otherwise, 

N k+ i =a* ((lk(a, N k ) + dg)/ ~) + Q(a, iV fe ) \ p, 

where g = (1 2 . . . n d), d ~ (n+ 1). 

Since M is connected and has a finite number of generators there exists a 
natural number m such that 

N m = a*(S/ ~) 

where 5 is a stellar (n — l)-sphere and "~" is a regular equivalence relation. 
If M is closed, then dN m = 0, and therefore, for any generator g £ S there 
exists exactly one generator p £ S \ g such that g ~ p. 
Q.E.D. 

When working with stellar manifolds we use topological terminology in the 
following sense. We say that a stellar n-manifold M has a certain topological 
property if its standard realization in R 2n+1 (see e.g has this property. 
Let 7r(M) denote the fundamental group of a manifold M. Then Theorem 13. II 
together with Seifert - Van Kampen theorem (see e.g. (Bj) lead us to the next 
result. 
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Theorem 3.2 If M ~ a* (S/ ~) zs a connected stellar n-manifold and n > 2 

7T(M) = 7T(5/ ~), 

where S is a stellar (n ~ l)-sphere and "~" is a regular equivalence relation. 
Proof. By Theorem 13. II M admits a triangulation 

N = a*(S/~), 

where a £ S is a vertex, S is a stellar (n — l)-sphere and "~" is a regular 
equivalence relation. 

Using the triangulation N we can define open subsets U and V in M as follows 

[/ = a*(S/~)\a 

V = a*{S/zi)\(S/~). 

Clearly, 

M = UUV 

and V is homeomorphic to an interior of the n-ball. Thus, V is simply connected 
and by Seifert - Van Kampen theorem there exists an epimorphism 

ip : n(U) — > tt(M) 

induced by inclusion U C M. The kernel of tp is the smallest normal subgroup 
containing the image of the homomorphism 

ip : tt(UDV) — y n(U) 

induced by inclusion U n V C U. 

The open set U fl V is homeomorphic to 

< x\ + x\ + . . . + x % n < 1, where (ar 1; x 2 , . . . , x n ) £ R". 

The fundamental subgroup of this manifold is trivial for n > 2. Hence, the 
kernel of the epimorphism ip is trivial and 

n(M) = n(U). 

On the other hand, S/ ~ is a deformation retract of U, and therefore, 

n(U)=n(S/~). 

Q.E.D. 

Let x(M) denote Euler characteristic of M, i.e. 

n 

X (M) = ^(-l) 1 ^, 

i=0 

where qi is the number of i-simplexes in M. 
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Theorem 3.3 If M ~ a * (S/ ~) is a closed connected stellar n-manifold then 

X (S/ ^)= X (M) + (-l)"+\ 
where S is a stellar (n — l)-sphere and "~" is a regular equivalence relation. 
Proof. Since £ is a stellar (n — l)-sphere we have 

n-l 

X (5) = ^(-ir Si = (-i)"- i +i, 

i=0 

where Si is the number of i-simplexes in S. On the other hand, 

X (a*(S/^)) = £(-l)\fc, 

i=0 

where qi is the number of i-simplcxes in a* (S/ ~). Let hi denote the number 
of z-simplexes in S/ ~ . Taking into account that "~" is a regular equivalence 
relation we obtain 

s„_i = 2/i„_i, g„ = 2/i„_i and q t = h { + Sj_i for 1 < i < n - 1 

and 

q = h + 1. 

Thus, 



n n — 1 

X (M) = = 2(-l)"/i„_! + h + 1 + + 

j=0 i=l 

and 

^(-l)Vl = (-l)™" 1 ^-! + (-1)" - 1 = (-l)""^-! + (-1)" - I- 
i=l 

Hence, 

X (M)=x{S/~) + (-l) n 

and the assertion is proved. 
Q.E.D. 



4 Stratification of stellar manifolds 

Any stellar structure corresponds to a group defined as follows. 
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Definition 5 Consider a closed stellar structure a*(S/ ~). Let Q = {gi, . . . , g m } 
be the set of generators of the stellar n-sphere S. The regular equivalence ~ de- 
fines the permutation po on Q, 

Po(9i) = 9j for gi ~ gj and g t ^ gj. 

We call two (n — l)-simplexes a and (3 equivalent if they belong to equivalent n- 
simplexes in S and each vertex of a is either equal or equivalent to some vertex 
in (3. Let E denote all equivalence classes of (n — l)-simplexes in S . Then each 
a E £ corresponds to a permutation p a defined as follows. If gi G Q does not 
have any (n — l)-simplexes from a then 

Pa(gi) = 9i- 

Otherwise, gi may have only one (n — I) -simplex from a. There exists only one 
gj € Q that contains the same (n — l)-simplex. We define 

p a {g-i) = gj- 

The group of S/ ~ is generated by {po, {p a }aes}- 

In the sequel G(S/ ~) denotes the group of the stellar structure a * (S/ ~). 
In terms of G(S/ ~) one can define the degree of a stellar structure. 

Definition 6 Let 

order(a) 

denote the smallest integer k > such that 

(P0-Pa) k = 1, 

Let a*(S/ ~) be a stellar structure. Its degree deg(S/ ~) is defined as the finite 
string of integers 

deg(S/ ~) = (de 9l (S/ ~), deg 2 (S/ -),... deg m (S/ -)) 

where 



degi(S/ ~) = max {order(a)} 



and 



degj(S/ ~) = max {order(a); order(a) < degj^i(S/ ~)} j = 2, ... m. 

Neither deg(S/ ~) nor G(S/ ~) are invariants of a stellar manifold. However, 
these concepts lead us to the degree of a stellar manifold. 

Definition 7 Let M be a stellar manifold. Its degree 

deg(M) 

is defined as the smallest degree (in lexicographical sense) of its stellar structures. 
In other words, 

deg(M)= mm Jdeg(S/ ^)} 

(a*S/~)~M 

where the minimum is taken in the sense of the lexicographical order. 
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deg(M) is an invariant of a stellar manifold. That means two stellar equivalent 
manifolds have the same degree. Thus, we obtain a stratification of stellar 
manifolds. All stellar manifolds are split into strata corresponding to different 
values of deg(M). Stellar manifolds of the second degree (deg(M) = (2)) are 
called flat. The next theorem justifies their flatness. 

Theorem 4.1 Let M = a-k(S/ ~) be an (n+ 1) -dimensional closed stellar man- 
ifold. Then deg(S/ ~) = (2) if, and only if, each equivalence class a contains 
not more than two different (n — l)-simplexes. 

Proof. If a contains a single (n — l)-simplex i = . . . , i n -i) then there 
exist two vertices v and (i such that 

Po(v*i) = fi-ki 
p a (v-ki) — 

If g is an n-simplex different from v * i and \x*i then p a (g) — g and 

(po -Pa) 2 (g) =Po(flO = 9- 

On the other hand, 

(Po -Pa){v*i) = v*i, 

and 

(po -Pa)(p*i) = 

Hence, we established (p a • po) 2 = 1 when a contains a single (n — l)-simplex. 

If a contains two different (n — l)-simplexes i and j then there exist vertices 
Vi, Wi, Vj and Wj such that for the following generators of S 

Vi-ki, Wi-ki, Vj-kj, uij-kj (1) 

we have 

Pa(Vi*i) = Wi-ki 

Pa(Vj*j) = Wj-kj 

Po(Vj*j) = Vi-kL 

Since a has only two elements we obtain 

po(wj kj) = Wi-kl. 

If a generator g is not one of the simplexes from Q then p a {g) — g, and 
(Po ' PaY ''(g) — 9- On the other hand, 

(PO -P a ) 2 {vi ki) = po -p a -p (wi-ki) = po -p a (Wj*j) = p (Vj kj) = Vi-ki. 
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Similar calculation show that 

(Po -P a ) 2 {w 3 * j) = w 3 *j 

{P0-Pa) 2 (Vj*j) = Vj-kj 

(po -Pa) 2 (wi *i) = Wi-ki. 

Hence, (p a -po) 2 — 1 is established when a contains not more than two different 
simplexes. 

Now we need to show that (p a ■ p ) 2 = 1 implies that the equivalence class 
a contains not more than two different (n — l)-simplex. We conduct the proof 
by reductio ad absurdum. Suppose a contains at least three different (n — 1)- 
simplexes: i, j and k. Then there exist three vertices fi, v and 7 such that 
fi ★ i, v-kj and 7 ★ k are generators from S and 

Po{fj,ki) = v*j 
Po-p a (v*j) = l*k. 

Hence, 

(Pa -Po) 2 {P-*i) =Pa-po -Pa{v*j) =p a {-f*k). 

However, 

p a (-f*k) ^ n*i. 

Thus, 

(Pa 'Po) 2 + 1- 

Q.E.D. 

If (po ■ p a ) 2 = 1 then (n — l)-simplex a may belong to a single n-simplex or 
can be shared by two n-simplexes of S/ ~ . We underline this fact by calling 
S/ ~ flat at a. 



5 Flat stellar 3-manifolds 

Three dimensional flat stellar manifolds or stellar manifolds of the second degree 
admit complete classification. 

Theorem 5.1 fClassifi cation of flat 3- manifolds ) If M is a closed con- 
nected flat stellar 3-manifold then it is stellar equivalent to 

a*(S/~), 

where 

, f disk D 2 for tt(M) = {1} 

' — 1 projective plane P 2 for tt(M) = Z 2 
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Proof. If M is a flat stellar manifold then the involution po corresponds to a 
piecewise linear one-to-one involution on S 2 . It follows from 5] that there exists 
a circle S 1 that splits S 2 into two parts S+ and S- such that 

po : S 1 -> S 1 

and po is a one-to-one mapping that interchanges S+ and S^. By Theorem 13.31 

X(S/ =0 = 1. 

Hence, S/ ~ is either a disk D 2 or a projective plane P2 (see, e.g., |S] for details). 
Q.E.D. 

The classification of flat stellar manifolds allows to tackle certain difficult prob- 
lems. In particular, the next statement proves the famous Poincare conjecture 
for fiat stellar manifolds. 

Theorem 5.2 (Poincare conjecture for flat stellar manifolds,) If M is 

compact, closed, connected and simply connected 3 -dimensional stellar flat man- 
ifold then M is a stellar 3- sphere. 

Proof. If M is a closed connected flat 3-manifold and tt(M) = {1} then by 
Theorem 15.11 S/ ~ is a disk. Since S/ ~ is collapsible then so is the prism 
P(S/ ~). Due to the prism P(S/ ~) is a stellar ball. M is stellar equivalent 
to 

L= I] ((ab)c b )(a*(S/ -)), 

where ri6es/~(( a ^) Cfc ) ^ s a superposition of subdivisions ((a 6) C&), where 
Cfe ^ 5/ ~ and 7^ for b ^ d. 

L = a*dP(S/ ~) + P(S/ ~), 

L is a union of two balls with identified boundaries. Hence L is a stellar 
3-sphere and so is M. Q.E.D. 

This simple proof is not valid for stellar manifolds that are not flat. 

6 Stellar 3-manifolds 

Now we consider three dimensional manifolds that are not flat. Examples of 
such non-flat manifolds are provided by lens spaces. 
A lens shell £(q,p) for coprime integers 

q > P > 1 

can be defined as follows. Consider the function of a complex variable z 6 C, 



Po{z) 




for z ■ z < 1, 
for z ■ z > 1, 
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Now define the equivalence on {C, 00} as 

~ 00, and z\ ~ Z2 as long as z\ = p™{z?) 

for some integer m, where Pq(z) denotes Po(po(z)) an d Po'(z) — Po(p™~ (z)). 

{C, 00} is identified with the 2-dimensional sphere S (e.g. with stereo- 
graphic projection). The topological space 

S/~ 

is called lens shell £(q,p). 

Notice that in the literature the lens space is defined as a* £(q,p). 
It is not difficult to show that 

n(£(q,p)) = Z q 

The points 

e 1 m = U, 1, . . . q — 1 

are all mapped into a single vertex of S/ ~ . Consider 1-simplex a in 5/ ~ such 
that 

Z 

It is easy to see that 

(p a -Po) g = l 

In other words, for q > 2 lens shell £(q,p) is not flat and its degree is equal to g. 
We call an edge a € 5/ ~ collapsible if there exists a 2-simplex F £ S such 
that 

p a (p (F)) = F. 

Consider the subgroup G^S*/ ~) of group G(5/ ~) generated by 

{p Q : order(a) = 2, a £ (dP)/ ~, a is not collapsible }. 

Then the set of 2-simplexes from S is partitioned into the orbits of G^S/ ~). 
All those orbits are identified in pairs in order to obtain S/ ~ . For the sake of 
brevity we call each pair of identified orbits internally flat complex. 
We call 1-simplex non-flat if its order is higher than 2. Then the boundary 
of an internally flat complex consists of non-flat 1-simplexes and collapsible 1- 
simplexes. If the boundary contains a collapsible 1-simplex then the internally 
flat complex is collapsible. 

Taking in to account Theorem l3.1l we conclude that each internally flat complex 
is obtained from a polygon where each boundary side can be identified with one 
or more other different boundary sides. 

Theorem 6.1 A three dimensional manifold is either homeomorphic to a sphere 
or to a -k (5/ ~) such that S/ ~ is the sum of a finite number of internally flat 
complexes attached to a finite graph that contains at least one closed circuit. 
Moreover, Euler characteristic x{&/ ~) = !• 
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Proof. The statement of this theorem is already established for fiat manifolds 
(Theorem 15. If) . Our goal is to show that it is valid for for non-flat manifolds. 
If M is not flat then it is stellar equivalent to a* (5/ ~) with faces identified 
in pairs and we can consider the graph T that consists of all edges a G Sj ~ 
such that order(a) > 2. If deg(M) > 2 then T is not empty. Moreover, T 
has at least one closed circuit. Indeed, if T was a set of trees then one could 
consider it as a part of one single spanning tree. Outside of this tree S/ ~ is 
internally flat. That means S/ ~ consists of a finite number of internally flat 
complexes attached to that tree. Each internally flat complex is collapsible. 
Since V is a set of trees then S/ ~ neither contains shell spaces nor 2-manifolds 
with non-trivial genus. On the other hand, it is known (see Theorem 13. 3\ ) that 
x(Sy ~) = 1. That means S/ ~ is collapsible, and therefore, M is homeomorphic 
to three dimensional sphere (see f° r details). That contradicts to the 

assumption that deg(M) > 2. Thus, 

deg(M) > 2 

implies the existence of at least one closed circuit in T. 
Q.E.D. 

The graph T formed by non-flat 1-simplexes from S/ ~ plays important role in 
understanding properties of S/ ~ . In particular, if T is stellar equivalent to a 
circle then S/ ~ is a lens shell. 

Theorem 6.2 A stellar 3-manifold is either stellar equivalent to 3-sphere or 
its fundamental group is not trivial. 

Proof. The statement of this theorem was already proved for flat manifolds 
(see Theorem 15 .2(1 . 

Consider a non flat manifold M, deg(M) > 2. M is homeomorphic to a*(S/ ~). 
Without loss of generality we can assume that S/ ~ does not have collapsible 
complexes. The graph T formed by non flat edges of S/ ~ has at least one 
closed circuit. Take a minimal spanning tree for T (the minimal tree in S/ ~ 
that contains all vertices from T and the maximal possible number of arcs from 
r) and contract it to a point, say Xq. Then T is homotopic to a finite sum of 
circles V^=i ^} (wedge of circles) having the only common point Xq. We conduct 
the proof by mathematical induction with respect to the number of circles. 
Since S/ ~ is a CW-complex the homotopy of T can be extended to the homo- 
topy of S/ ~ (see |S]). Hence, if the number of circles is equal to one, then Sj ~ 
is homotopic to a lens shell. This homotopy corresponds to an epimorphism of 
the fundamental group for S/ ~ onto the fundamental group of the lens shell. 
Hence, the fundamental group of S/ ~ is not trivial. 

Suppose it is true that the fundamental group of S/ ~ is not trivial when T is 
homotopic to the sum of n circles attached to each other at the only point xq. 
Consider S/ ~ such that T is homotopic to the sum of n + 1 circles Vj=i 
attached to each other at xq. If the fundamental group was trivial then S^+i 
would be homotopic to xq or to the sum of circles from Vj=i &j- Moreover, this 
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homotopy can be extended to the homotopy of S/ ~ . That yields an epimor- 
phism of the fundamental group ir(S/ ~) onto the fundamental group of the 
homotopy of S/ ~ with T homotopic to the sum of n circles. However, it con- 
tradicts to the assumption that the fundamental group is not trivial for those 
S/ <~ that have T homotopic to the sum of n circles. 
Q.E.D. 
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